Crystallization of Active Pharmaceutical Ingredients (APIs) has traditionally been carried out using the batch or semi-batch manufacturing processes, techniques which remain prevalent to this day. Continuous processing affords significant production advantages including enhanced reproducibility of results, optimal control of process conditions, shorter downtime and the elimination of scale-up problems.
INTRODUCTION
Crystallization represents an important unit operation process broadly used in separation and purification in chemical, food and pharmaceutical industries. Over 90% of Active Pharmaceutical Ingredients (APIs) are composed by organic compounds (Alvarez and Myerson, 2010) . Traditionally, crystallization has been operated as batch, or semi-batch processes in case of antisolvent addition, which are affected by drawbacks such as limited controllability (Cogoni et al., 2014) , large processing time, and scale-up issues.
In recent years, there has been substantial attention into continuous crystallization, with its characteristically small production levels, for application within pharmaceutical manufacturing. A number of continuous crystallizer types have been applied, most notably continuous stirred tank crystallizers often referred to as a Mixed Suspension, Mixed Product Removal (MSMPR) crystallizers in single or multiple stage configurations (Alvarez et al., 2011) , impinging jet reactors (Glesson et al., 2013) , usually operated in association with MSMPR crystallizers, Plug Flow Crystallizers (PFC), with (Alvarez and Myerson, 2010) or without static mixers, and Oscillatory Baffled Crystallizers (OBC) (Lawton et al, 2009 ).
One of the main limitations of continuous processes is that the yield which can be achieved using such is generally lower than that of the equivalent batch process. Whilst a batch crystallizer reaches its maximum yield once the process reaches the equilibrium condition, a continuous process operates in a steady state condition. Therefore, unless very long residence times are used, the equilibrium condition is not achieved. One potential approach for increasing the yield of the continuous process is based upon the recycling of the mother liquor back into the crystallizer, at an appropriate recycle ratio 3, 6 (Alvarez et al., 2011; Wong et al., 2012) .
Recycle reactors, in particular plug flow reactors, are normally used in chemical engineering for autocatalytic reactions, or when it is necessary to maintain nearly isothermal operation of the reactor or to promote certain selectivity (Fogler, 1999; Levenspiel, 1999) . They are also extensively used in biochemical operations, in particular in the wastewater treatment process in order to guarantee successful activated sludge systems by recycling the microorganisms and prevent their flushing out (Weiner, 2003) .
In a PFC, the expected effect of the recycle stream would be to bring about an increase in the crystallization yield, since part of the mother liquor will re-enter into the crystallizer.
Furthermore, it would be expected that the volume average size of crystals would increase, due to the relatively longer residence time (Raphael et al., 1995) .
One of the main advantages of PFCs is that they are able to produce crystals of small size and with a narrow Particle Size Distribution (PSD) (Alvarez and Myerson, 2010) . The production of crystals of small size in the crystallization stage of the manufacturing process of pharmaceutical compounds is important to improve properties such as dissolution rate, bioavailability, and tableting of the drugs, and to avoid additional downstream operations such as milling to reduce the crystal size. In recent years strategies to tailor the PSD in PFCs have been proposed by manipulating the growth and dissolution rates, subdividing the crystallizer in several segments operating at different temperatures (Majumder and Nagy, 2013; Kwon et al., 2013) , or applying different injections of antisolvent along the spatial coordinate of the PFC (Alvarez and Myerson, 2010; Ferguson et al., 2013; Ridder et al., 2014) .
One commonly cited issue in relation to PFCs, relates to the risk of crust formations or fouling deposition on the tubing wall, which could ultimately lead to the clogging of the crystallizer (Eder et al., 2010) . Several potential solutions to avoid the clogging of the tubular crystallizers have already been found and applied, including the introduction of either an immiscible fluid or a bridging liquid, in order to generate a slug-flow (Nagy and Braatz, 2012; Schiewe and Zierenberg, 2007) or carrying out the crystallization within solution droplets, making fouling nearly impossible (Nagy and Braatz, 2012; Katta and Rasmuson, 2008; Kawashima, 1984) .
The purpose of the present work is to model an idealized PFC with recycle, examining the effects of key recycling parameters such as axial extraction position and recycle ratio on the performance of the PFC. The effect of these parameters on the average size of particles d 4,3 , and the process yield η is determined, concluding with the identification of the maximum and minimum yield and d 4,3 achievable at different residence times adjusting the recycle parameters.
POPULATION BALANCE MODEL
Population Balance Modeling (PBM) (Ramkrishna, 2000 ) is used to model and simulate the continuous crystallization process through a PFC. The following modeling assumptions are made (Zhao et al., 2015) : 1) perfect mixing of the saturated feed solution at the inlet of the PFC; 2) there is no axial dispersion; 3) growth rate is independent of crystal size; 4) agglomeration and breakage phenomena are negligible. Therefore, a general steady-state isothermal PBM for a PFC is expressed as follows (Randolph and Larson, 1971; Myerson, 2002) :
Where n(x,L) represents the number density function of the crystals as a function of the reactor axial coordinate x and characteristic size of crystals L, <u> x,0 represents the average feed flow velocity of the PFC and G represents the crystal growth rate.
The initial and boundary conditions can be defined as follows:
Where B is the nucleation rate of crystals and L 0 is the minimum characteristic size of crystals (1·10 -6 m).
In a PFC, the rate of consumption of solute from the solution, along the spatial coordinate of the crystallizer, is equal to the rate at which the mass is gained by the crystallized product.
The general form of the mass balance can be written as follows:
Where C represents the solute concentration, ρ c the crystal density and k v the volume shape factor of the crystals. 
Where r represents the recycle ratio, defined as r = Q r /Q 0 , in which Q r is the recycle volumetric flow rate and Q 0 is the volumetric feed flow rate of the PFC. The inlet average flow velocity <u> x,IN can be defined as a function of the recycle ratio accordingly to the following expression:
The system of equations (4) leads to an implicit boundary value problem, which requires an iterative approach to solution. In the same way it is possible to write the system of equations relative to the second section of the PFC in which there is no recycle stream.
In systems (4) and (6), the section of the PFC which the model is referred to, is indicated with the subscript 1 and 2 respectively.
MATERIALS AND METHODS
The experimental parameters such as nucleation and growth kinetics were obtained from previous batch crystallization experiments. The experimental work was performed crystallizing Acetaminophen (Paracetamol) A7085, Sigma Ultra, ≥ 99 %, sourced from Sigma-Aldrich. The solvent used was ethanol, ACS reagent grade with purity of ≥ 99 %, also sourced from Sigma-Aldrich.
The experimental setup used to obtain the experimental parameters, consisted of a Labmax reactor along with a Focused Beam Reflectance Measurement (FBRM) and an Attenuated
Total Reflectance Fourier Transform Infrared (ATR-FTIR) probe, all from Mettler-Toledo.
The FBRM and ATR-FTIR were utilized in order to monitor the system variables and estimate the kinetic parameters.
NUCLEATION AND GROWTH KINETICS
The primary nucleation rate B, is described in this work using the following power law expression as a function of absolute supersaturation ΔC:
Where k n is the number nucleation rate constant, ΔC is the supersaturation (ΔC = C -C eq ),
and n is the nucleation order. The values for the nucleation rate constant and order, given in Table 1 , were previously evaluated for the crystallizing system from induction time experiments, using an FBRM probe to detect the onset of nucleation (Mitchell et al., 2011a) .
The induction time was assumed to correspond to the time required for the number density of grown crystals to reach a fixed value (Kubota, 2008) .
The solubility of paracetamol in ethanol was calculated using the following equation (Mitchell et al., 2011a; Fernandes et al., 1999) :
Where T is the absolute temperature, measured in Kelvin and C eq is the solubility expressed An empirical correlation was employed to describe the crystal growth rate of paracetamol as a function of the absolute supersaturation, ΔC, and temperature, T, in degree Kelvin, as follows:
Where k g is the growth rate constant, E a is the activation energy for the crystal growth and g is the growth order. (Mitchell et al., 2011a) and growth rate parameters (Mitchell et al., 2011b) . Growth rate order 1.602
The values for the activation energy, growth rate constant and order, are also given in Table   1 , as were previously evaluated from isothermal seeded batch experiments (Mitchell et al., 2011a; Mitchell et al., 2011b) .
RESULTS AND DISCUSSION
Using the kinetic data from Table 1 , it was possible to study the performance of an ideal PFC with recycle. The process was simulated assuming an isothermal temperature of 20 ºC, in which a continuous supersaturated stream with a supersaturation rate S (S = C 0 /C eq ) of 1.7, comparable to the values used by Mitchell et al. (2011b) in batch experiments, is fed into the reactor. The supersaturated solution provided to the reactor can be considered to be emerging from a CSTR in which a saturated solution at 45 ºC is rapidly cooled to 20 ºC before entering the PFC.
The model integration and simulation were performed using MATLAB, and in particular, the commands bvpc4 was used for the implicit boundary value problem, and ode15s for the integration of the PFC section without recycle stream. The total length L C of the PFC was considered to be 200 cm, with an assigned average feed flow velocity <u> x,0 , of 0.02 cm/s.
The choice of average flow velocity and length was made in order to allow the system sufficient time to nucleate since the system is neither seeded nor provided with an antisolvent feed-rate to enhance the supersaturation in the simulated system. The average velocity was later increased in order to study the synergic effect generated by the recycle stream, following which it was generalized by studying the system at different residence times.
The overall yield in the PFC with recycle stream, and volume average size of crystals are defined by the following relationships:
The effects of recycle ratio r, and extraction position e.p. = (L E /L C )·100 of the recycle stream, on the yield η, Eq. (10a) and volume average size of crystals d 4,3 , Eq. (10b), were studied in a range domain of 0 % to 100 % of the total length of the crystallizer and using a recycle ratio between 0 and 1. 
( ) with i = 1...,ζ −1
Where ζ represents the number of classes used to discretize the population balance model (200 classes) and δ is the length of each discretisation class.
A geometric series was used in order to establish the progressive length of each discretisation class, and was defined as follows:
Where L 0 the minimum characteristic size of crystals as previously prescribed (1·10 -6 m), L max is the maximum characteristic size of crystals (1.5·10 -3 m) and β represents the common ratio of the geometric series.
To illustrate the effect of the recycle parameters on the PSD, it was first necessary to select a fixed iso-yield line and iso-crystal size from Fig. 3 . For the purposes of this example, the 50 % iso-yield line was selected in addition to an iso-average size of crystals of 600 µm. For each analysis 5 different pairs of recycle ratios and extraction positions were selected and summarized in Table 2 , along with the absolute error between the two integration methods applied in this work. The data reported in Table 2 has been plotted in two different figures, respectively on Fig. 4 and Fig. 5 . Table 2 ) that lead to the same final overall yield, equal to 50 ± 0.06 %, using a flow velocity <u> x,0 of 0.02 cm/s.
A qualitative analysis of the PSD is presented in Fig. 4 , considering several combinations of recycling parameters, which lead to the same overall yield. It is apparent from this plot that the influence of the recycling conditions on the PSD is to affect the modality of the distribution. Given that the recycle ratio is only marginally changed, it is apparent that the main effect on the modality must result from the extraction position. This affects the PSD of the seed crystals fed back into the PFC inlet, thus leading to a monomodal (single peak) distribution as the extraction position approaches to the inlet of the crystallizer. A similar effect can be observed in Fig. 5 , by keeping the final volume average size of crystals constant, whilst only changing the recycle parameters. In order to produce the same final d 4,3 the recycle ratio had to increase while the extraction position had to be closer to the inlet of the PFC, as was described in Fig. 3 from the hyperbolic functionality of the isoaverage size lines. Furthermore, as the recycle ratio increases and the extraction position gets closer to the inlet, the overall yield of the crystallizer increases. This can be explained by the smaller size of the seed crystals fedback into the PFC, resulting in a larger surface area per unit of volume, consuming more rapidly the supersaturation in solution along the crystallizer axis (Frawley et al., 2012) . Since the flow rate considered has a direct influence on the process residence time, it was appropriate to consider whether or not the effects or recycle parameters observed at lower flow rates would follow for higher flow rates and shorter residence times. A significantly higher feed velocity, 10 times greater than previous, was selected for this purpose. From observation of Fig. 7 it is possible to denote the same hyperbolic functionality of the volume average size particles with the recycle parameters, whereas the yield shows a negative slope along the extraction position, as the recycle ratio increases. This last effect may be explained by the low number of nuclei generated in a shorter section of the PFC with a low overall residence time.
Using a similar approach of Vetter et al. (2014) to illustrate the attainable regions for the volume average size of crystals in continuous processes, it was possible to study the maximum yield and d 4,3 as a function of the overall residence time τ = L C /<u> x,0 inside the PFC. The yield and the volume average size of particles were studied by adjusting the extraction point for the recycle flow from 0 % to 100 % of the total length of the PFC and using a recycle ratio between 0 and 1, keeping constant the remaining operating parameters such as the feed concentration (C 0 ) and temperature. for the yield of a simple PFC without recycle for residence times greater than 2 hours, in which the system reaches the thermodynamic equilibrium and therefore the maximum yield (η = (1-S -1 )·100 = 41.18 %), equivalent to a batch reactor. Considering that in practical applications PFCs present very low residence times, the recycle ratio along with the extraction position parameters, show the maximum enhancement for the overall yield of the crystallization process. Potentially the maximum loci for both d 4,3 and yield can be enhanced furthermore by using recycle ratios greater than 1.
CONCLUSIONS
In this study, a PFC crystallizer operating in isothermal conditions with recycle and This application of recycle to PFCs is likely to lead to further developments, especially in the field of process control and optimization, by finding the optimal operating conditions to achieve a specific target PSD for the desired product to crystallize.
Concluding, the introduction of recycle in PFCs provides, because of its implementation simplicity and the already developed application in other industrial fields, a valid, feasible and realistic process configuration in continuous pharmaceutical crystallization. It allows for an amelioration of continuous process yields whilst also allowing for PSD control. 
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